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Abstract. The piezometric method used for the measurement of diffusion coefficients in microporous solid
is examined in an attempt to establish the limits of applicability. In the present study isothermal conditions a
assumed. The theoretical model for the description of the transient behaviour is linearized and solved to yic
analytical solutions. The effect of the physical parameters governing the system response is described. It app
that severe limitations must be considered for strongly adsorbed and fast diffusing species.

Based on the results it is possible to suggest improvements to the experimental technique and an alterna
approach to analyze the experimental response curves, in which the only unknown parameter is the diffusional ti
constant.

Keywords: measurement method, mathematical model, intraparticle diffusion, zeolite

Introduction diffusion (Blilow and Micke, 1995). However, for sys-
tems such as benzene-NaX the diffusivities obtained
The piezometric method, which involves following the from this technique (Bllow et al., 1983) differ sub-
transient pressure response when a sample of adsorstantially from the values obtained by several different
bent is subjected to a change in sorbate pressure, hagxperimental methods (Eic et al., 1988; Brandani et al.,
been widely applied to the measurement of intracrys- 1996). This observation led us to examine, in greater
talline diffusion in zeolites. In a recent review{®w detail, the assumptions involved and the inherent limi-
and Micke, 1995) this approach was claimed to be su- tations of the piezometric method.
perior to most other transient methods and to be ap- In order to gain physical insight into the role played
plicable even to the most difficult systems involving by the system parameters and the operational variables,
rapidly diffusing, strongly adsorbed species. Indeed we chose to derive an analytical solution to the model
it has also been claimed to provide the required ac- equations. To make the problem tractable we have used
curacy to allow measurements of combined processesthe isothermal approximation which is unlikely to be
such as intracrystalline diffusion accompanied by re- valid when diffusion is very rapid. Nevertheless, even
action (Bilow and Micke, 1994). The necessity for with this limitation, the results of the analysis provide
allowing for the time constant of the valve in the anal- a useful insight into the system behavior and suggest
ysis of the experimental data was noted as the only that the limitations of the technique are in fact more
significant disadvantage of this technique. The rec- severe than had been assumed. When the piezometric
ommended approach is to use a numerical simulator method is applicable, we suggest an alternative integral
(ZEUS), incorporating the time constant of the valve, method to evaluate the diffusional time constant, which
to fit the experimental pressure response curves and toeliminates the need to describe the flow through the
determine the time constarR{/ D) for intracrystalline valve.
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valve ideal, i.e., with a zero opening time. The system
with the “real” valve will be closer to the equilibrium
control limit, since the opening of the valve imposes a
further limitation on the mass flow to the uptake vol-
ume. Considering a small pressure difference, Eq. (1)
can be rewritten as

dn _
DOSING CELL UPTAKE CELL g =X (P P)(Pa—P) =% (Ps—P) (@
Figure L Schematic diagram of a piezometric setup.
The following mass balance applies to the uptake vol-

ume (/)

Mathematical Model
dg dc dn

The experimental apparatus can be considered as Vsa + evua = q 3)
two volumes interconnected and separated by a valve
(Bulow and Micke, 1995) as shown in Fig. 1. Initially ~ While for the dosing volume\()
the pressure in the dosing volume is raised to a spec-
ified value. At time zero the valve is opened and the @ _ W d Py 4)

pressure response is monitored. Itis not clear why only dt RTy dt

the pressure in the dosing volume is measuraddB”

and Micke, 1995) and in fact we will return to this point  Where ideal gas behaviour is assumed.

later. The solid phase mass balance, considering spherical
One of the basic problems that must be considered Particles, is given by

is the flow of the gas through the valve. The aim of the

present approach is to obtain analytical solutions for aq -D <ﬂ 23_Q> (5)
the transient behaviour of this system. We therefore ot or2 roor
consider only small pressure differences, in order to
obtain a linearized expression for the flow through the and
valve. This is experimentally valid, especially for very dg 3D /aq
strongly adsorbed species, far from the Henry’s law re- d. - R <§)rR ®)
gion where the initial pressure ratio between the dosing
and the uptake volume can be quite largelds and As boundary conditions on Eq. (5) we consider equi-
Micke (1994) consider the following equation for the Jibrium at the surface between the adsorbed phase and
flow through the valve the gas phase, and the symmetry condition

dn d

o= xx (P = P) (1) (a—?)o =0 (7)
where Py and P, are the pressures in the dosing and  In order to obtain an analytical solution we also must
uptake volumesy is the valve constant ang repre- assume a linear equilibrium relationship
sents a time dependent function which describes the
opening of the valve, being considered by Biilow and q(R, t) — go = H(c(t) — co) (8)
Micke (1994) a ramp function with an opening time of
0.5s. ; ; ; ; ;

The sorbate pressure at the surface of the solid varies Introducing the following dimensionless variables
with time. The maximum uptake rate will occur under tD q— c—Go
the limiting condition where the adsorption process is T = RZ’ Q= — C= o — o
equilibrium controlled. In order to establish the limits Geo — Ao o~ G0
of applicability of the piezometric technique, itis there- oy = Py — P oy = P, — P ©)
= L=

fore possible to simplify the problem by considering the P — pg; Py, — P
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and the following dimensionless parameters while the pressure in the absence of the adsorbent is
given by
1eV, 1 Vy NTy x R?
y=-—; §=-—; w=—-5>"— (10) 0d 8 14 ( y+4 )
3HV, 3HV Vg D —=—+ ——exp| ——wr 17
S S d ,Og Y+ S v+ S pi y ( )

it is possible to obtain the analytical solution of this
system of equations. Details are given in Appendix A.
The dimensionless pressure in the dosing volume is

The corresponding expressions for the uptake cell
are:

given by Pu_ ¥
py 1+35+3y
pd 35 i o-p) (1) 143543y
L + ) aexp—pt _ Bl et
Py 1+35+3y ! x [l exp< 113 wr)} (18)
where and, in the absence of adsorbent
iy 8 8+
2w2sp2 + (w — B2)° (B2 + 2 — 7 + 2v B?) p =5ty [1 - GXP(—T“”)} (19)
(12) ‘
wéB2 The curves calculated from Eqg. (11), all decrease
=1 2 13| 13 . . CeL s .
z = 1+yp + w— B2 (13) monotonically to the final equilibrium value. Quali-
' tatively it is therefore difficult, if not impossible, to
andg: are the positive nonzero roots of distinguish betwegn kineticglly and equilibrium con-
trolled responses in the dosing cell. The curves calcu-
B coth —z =0 (14) lated from Eqg. (15), if far removed from the equilibrium

control limit, may exhibit a maximum, allowing a clear

qualitative indication of a kinetically controlled process
The dimensionless pressure in the uptake volume is \yhen the pressure in the uptake cell is monitored.

given by In order to show some representative examples of
. e the response curves we have chosen tp fix3, which
& Z < ) exp(— ﬂ‘zr) means that the dosing and uptake cell volumes are as-
03 1+35+3y 38 +3y = ' sumed to be the same. This is similar to the usual situ-

ation. For example, in the system of Bulow and Micke
(%) (1994),vy4/V, = 15.
Figures 2(a) and (b) show a set of response curves
Form of the Response Curves calculated from Egs. (11)—(15) (wity =6=0.01
which is a typical value for a substance that is not
Let us consider first the response of the pressure in thestrongly adsorbed) for a range of different values of
dosing volume, i.e., the measured quantityl@v and the parametew, which is essentially the ratio of the
Micke, 1995). The transient in presence of adsorbent time constants for the valve opening and for intracrys-
is confined within a region bounded by the equilibrium talline diffusion. In Fig. 2(a), also shown are the limit-
control limit and the response in the absence of the ad- ing curves for equilibrium control and for empty cell,
sorbent. The equilibrium control limit, for the dosing calculated from Egs. (16) and (17). Itis evident that,
cell, is: over a considerable range of valuesiothere are only
minor differences between the kinetically controlled
0d 38 143y response and the limiting curves for equilibrium con-
p_g T 1435+ 3y + 1+35+3y trol. This is especially true for the pressure response
of the doser vessel for valueswfup to approximately
x exp(_mwr) (16) 100. The difference from the equilibrium controlled
1+3y curve is greater in the final stages of the approach to
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0 Uptake Cell Figure 3 Parameter values required to obtain 90% fractional ap-
' proach to equilibrium at the corresponding time for 95% fractional
0,251\ w = 10000 approach to equilibrium of the equilibrium controlled process.
A
4
0.2 \\
. has only reached 90% fractional approach to equilib-
< o451 rium). Although this choice is somewhat arbitrary it
< is logical since the region of the curve beyond 95%
0.1 /w = 1000 fractional approach to equilibrium is strongly influ-
enced by heat effects. Figure 3 shows the values of
0051 w =100 w as a function ofy = § for which this criterion is ful-
/- filled. Itis clear that the range of conditions over which
03 0.001 0.002 0.003 0,004 0.005 0.006 0.007 0.008 0.009 0.01 reliable diffusivity values can be extracted is in fact
T quite restricted. Furthermore, the requiteihcreases
(b) almost quadratically as the equilibrium constant in-

Figure2 Curves correspondingjo= § = 0.01 atdifferentvalues creases, thus limiting the applicability to strongly ad-
of w: (a) pressure response in dosing cell; (b) pressure response in SOrbed species. It appears that in these cases a possible
uptake cell. Heavy solid lines represent equilibrium control. approach could be that of an increase in temperature,
since equilibrium is typically more strongly tempera-
ture dependent than the diffusional time constant.
equilibrium. However, it has been clearly shown that ~ Very little information concerning the diffusional
this portion of the response curve is strongly affected time constant can be obtained from the initial portion of
by heat effects (Lee and Ruthven, 1979; Grenier et al., the sorption curve since, in this region, any small error
1994). It follows from this observation that the ability in the experimental measurement leads to a large error
of the piezometric method to yield reliable intracrys- in the estimated value for the diffusional time constant.
talline diffusivity values is severely constrained, and There istherefore no need for, and essentially no benefit
with strongly adsorbed species, is restricted to systemsto be gained from, the use of a very fast response pres-
for which the time constanfR?/D) is relatively large. sure transducer, since the initial portion of the curve
To obtain a quantitative assessment of the range of does not contain useful information. The validity of
parameter values over which reliable diffusivity data this statement is even more obvious if one considers
can be obtained when monitoring the pressure in the that the initial portion of the pressure response is also
dosing cell, we have calculated the valueuofvhich strongly affected by the precise way in which the valve
yields a 5% deviation from the equilibrium controlled is opened.
curve at 95% approach to equilibrium of the pressurein  The half time has been often used to have an indica-
the dosing cell (i.e., when at the same time the responsetion of the magnitude of the diffusional time constant
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0.13 Table 1
Temperature 353K
] y=8=01 Volume of dosing cefl 120 cn?
Volume of uptake cell 80 cm?
o H2 10’
§ 00t Egﬁit‘ri;”“m Kinetic Gontro Intracrystalline diffusivit}, Dg  2-10 7 cm? s 1
1 Mass of solid 8 mg
Radius of crystafs 60 um
1 % 1.3108mol Pa?s!
P9 30 Pa
p? 20 Pa
0.00173 " 100 " 4000 4 0.0005
w s 0.00075
Figure 4 Comparison of the half time for equilibrium control and w 2860
kinetic control for a favourable value ¢f = § = 0.1.
1From Bilow et al. (1983).
2Estimated from Ruthven and Kaul (1993).
(see for example (Do and Rice, 1995)). The present From Rllow and Micke (1994).
analysis shows that this quantity should certainly not
be used for a piezometric system. To illustrate this point 1
we show in Fig. 4 a plot of the sorption half-time (i.e., 091
the time for the pressure change in the dosing cellto gl
reach half its final value) as a function of the parameter -_ .|
w, for the kinetically controlled and the equilibrium 3 06_& Empty Cel
controlled cases at a favourable value/of § = 0.1. ¢ osl
If a linear scale is used for botfyge, and w there is °
essentially no distinguishable difference between the °g o4
two curves. g 09
0.2
0.1
Discussion o , ‘ : ‘ : : : : ‘
o] 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2

t(s)
Provided that the process is not too fast to permit appli-

cation of the piezometric method, monitoring the pres-
sure in the uptake cell offers an important advantage
which seems, so far, to have been overlooked. If the
conditions are far removed from equilibrium control,
the pressure in the uptake cell will exhibit a distinct
maximum, rather than rising monotonically to its fi-
nal equilibrium value, as illustrated in Fig. 2(b) for
w > 100. By monitoring the pressure in the uptake
cell it should be possible to detect this maximum and
thus to obtain a reliable indication of mass transfer, conditions are shown in Fig. 5. It is quite clear that
rather than equilibrium control. if the diffusivity is of the order of magnitude reported
As a representative example we consider the sorp- by Blilow et al. (1983), the uptake curve will be essen-
tion of benzene in large NaX zeolite crystals (32® tially indistinguishable from the equilibrium controlled
diameter) under the experimental conditions employed limiting case and no useful information would be ob-
by Bullow et al. (1983). All the relevant parameter val- tainable by the piezometric method. The process is
ues are given in Table 1 from which it is possible to practically complete in less than 1 s, therefore the mea-
estimatey ~ 8§ ~6 - 10, According to the criterion  sured response would essentially reflect the opening of

Figure 5 Curves calculated using the parameters reported in
Table 1. Pressure response in dosing and uptake cells (solid lines).
Equilibrium control limit in dosing cell (heavy solid line).

shown in Fig. 3, reliable diffusivity measurements can
be made by following the pressure in the dosing vol-
ume only ifw > 1P, which translates t® < 6-10°
cn?/s. Pressure response curves for both doser and up-
take cells calculated for this system under the specified
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the valve, since the opening time was approximately 1
0.7 s (Bilow et al., 1983). To claim that the piezomet- 0.8
rically observed behavior is consistent with the self- 0.61| Dosing w = 500
diffusivity values derived from PFG-NMR measure- °2 074 y=6= 0.l
ments is therefore misleading. Under the experimental
conditions the pressure response in the doser cell must
have been very close to the equilibrium control limit
and therefore insensitive to the diffusivity value. Only <z %]
by monitoring the pressure response in the uptake cell < o

is it possible to obtain an experimental confirmation 0.2

& 0.5

. . .. Uptake
of the controlling mechanism. Bow and co-workers, o1
over the last fifteen years, have consistently monitored
only the pressure in the dosing cell. o001 002 003 004 005 006 007 008 009 01

T

If the pressure in both cells is monitored an addi-
tional advantage is gained. It is possible to analyze the Figure 6 Comparison of the pressure response in the dosing cell
response curves without the need for an accurate de-calculated from Eq. (11) (continuous curve) and Eq. (21) (sym-
scription of the flow through the valve. This can be bols) with the numerical integration described in Appendix B.
accomplished using an overall mass balance that al- " ~ =500 y=4=01.
lows to predict the pressure in the dosing cell from
the experimentally determined pressure in the uptake cell will only depend on the intracrystalline mass trans-
volume. The only hypothesis needed is that the differ- fer, since the information regarding the flow through
ential mass balance equation in the solid is linear, i.e., the valve is in the experimentally determined pressure
a concentration independent diffusivity. This is usually in the uptake cell. This approach is more direct than
the case in experimental investigations. The mean ad-the one suggested by Micke andlIBWw and does not
sorbed phase concentration can be evaluated from aneed any hypothesis on the equation governing the flow
convolution integral of the corresponding solution for through the valve, and the actual valve opening. For
a step boundary condition (Kuhfittig, 1978) the numerical integration of Eq. (20), since experimen-

tal data are usually collected at fixed time intervals, a

- X [T simple method will suffice. Figure 6 shows the pres-
Q= 62/0 exp’z?(u — 0)]pu(W) du  (20) sure response in the dosing cell, for = 500 and

n=1 y = § = 0.1, calculated from the pressure in the uptake

The pressure in the dosing cell can be obtained from Cell (EQ. (15)) using, for the evaluation of the integral,

the overall mass balance the numerical method reported in Appendix B.
Pi_q Y .
00 5 2 Conclusions
_Z Z/ explh®z2(u—1)] pu(W) du (21) The key features of the piezometric technique have
g beenidentified through a simplified analysis. This anal-
ysis can be used to establish when the response is ki-
where it is useful to point out that netically controlled and therefore the technique is ap-

plicable to measure intracrystalline diffusivities. It is
clear that the limitations on the method, when applied
to rapidly diffusing and strongly adsorbed species, are
severe. This point seems to have been overlooked by
and that the ratié/y depends only on the geometry of many of the experimenters who have used the piezo-
the system. metric technique. Based on the present approach, it
Therefore, if the pressure in the uptake cell exhibits a is obvious that the experimentally monitored quantity
distinct maximum, it is possible, using Eq. (21), to ob- should be the pressure in the uptake cell, which can
tain the diffusional time constant which is the only un- provide clear experimental evidence of a kinetically
known parameter. The calculated pressure inthe dosingcontrolled process. There appears to be no simple

pu_P PP 1 P-PR) y
= ;=20 _v T 1 (22
p§ PY-PO 35 P,—PY ¢
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approximate method to extract reliable diffusional time with

constants, due to the uncertainties introduced by the
flow of the gas through the valve and the actual open-
ing of the valve. However, it is possible to apply a
curve fitting algorithm if the pressures in the dosing
and the uptake cell are monitored simultaneously. In
this case no previous information on the valve dynam-
ics is required, and the only unknown parameter is the
diffusional time constant, which can be varied in order
to match the experimental pressure in the dosing cell.

We have therefore provided both theoretical and ex-
perimental means of establishing the limits of appli-
cability of the piezometric technique. In light of the
present study, all those measurements where only the
pressure in the dosing volume has been monitored
should be viewed critically, especially for fast diffusing
and strongly adsorbed species, since no experimental
evidence can support the assumption of a kinetically
controlled system.

Appendix A

With the dimensionless variables and parameters de-
fined in Egs. (9) and (10) we can rewrite the governing
equations in dimensionless form.

d
L) (A1)
T
doy dog oN
— +5— — —N =0 (A2
are dt +(8£§ >§=1 (A2)
with& =r/R, N = Q¢ and
aN 32N
—=— A3
at  9&2 (A3)
with initial and boundary conditions given by
pda(0) = pg;  pu(0) =0; N(£,0) =0;
N@©,7) =0; N(L 1) = pu(z) (Ad)

This system of equations can be solvedinthe Laplace
domain.

Spd — 0§ = w(du — fa) (A5)
. - dN .
ySPu + 8(spa — p3) + (d— - N) =0 (AB)
§ £=1
.
o = IN (A7)

de?

N@) =4; N© =0 (A8)

Equations (A5)—(A8) can be easily solved to yield

the dimensionless pressure in the uptake cell

Pu dw

03 (s+w)(vScothy/S—1+7) +yws
and the dimensionless pressure in the dosing cell

(A9)

Pd

o3

Sw + +/scothy/s — 1+ ys
(s+w)(yv/scothy/s—1+y) +yws
Inversion to the time domain can be obtained through

the use of the method of residues (Crank, 1975).
Equations (11)—(15) are obtained.

(A10)

Appendix B

We assume that the pressures in the dosing and uptake
cells are sampled simultaneously and at equal time in-
tervals. Itis necessary to calculate the following func-
tions for each term, in the series

T
F = exp(—nznzri)f exp(nz2u)py(u) du  (B1)
0
It is simple to derive the following relationship
Fii1 = exp(—n?m?AT)

x [Fi - / " expin?r2(u— oy du}
| (B2)

whereAT is the time intervak; . ; — 7;. All the func-
tionsinthe series can therefore be calculated iteratively.
Assuming that the dimensionless pressure in the uptake
cell can be well approximated by a linear function in
each subinterval

Ti+1
exp(—nznzAr)/ exp[n®z?(u — 1)]
1

Py o
AT (u r.)]du

X |:,OL'J +
p—L[l — exp(—n?7?AT)]
n2m?2
pit = oy

n*r4At

[N?7?AT — 1+ exp(—n?72A1)]
(B3)

+
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This equation has been used in the integration needed toSuperscripts

plot Fig. 6. Equation (B2) can be applied also to higher
order polynomial interpolations if higher accuracy is 0

required.

Nomenclature

Gas phase concentration, motn
Dimensionless gas phase concentration,

Eq. (9)

Diffusivity, m? s7%

Equilibrium constant

Moles in dosing cell, mol

Q¢

Pressure, Pa

Adsorbed phase concentration, motin
Average adsorbed phase concentration, nol m
Dimensionless adsorbed phase concentration,
Eqg. (9)

Radial coordinate, m

Radius of crystals, m

Ideal gas constant, JK

Laplace domain variable

Time, s

Temperature, K

Volume, n?

Ratio of the diffusional and the valve time con-
stants, Eq. (10)

O o

OLL 1=z>IT0

e<HdTuv=x3pyp"~

Greek Letters

Bi  Eigenvalues of the system, roots of Eq. (14)

y  Ratio of the accumulation in the uptake cell and
in the solid, Eq. (10)

8  Ratio of the accumulation in the dosing cell and

in the solid, Eq. (10)

Void fraction in uptake cell

Dimensionless radial coordinate

Reduced pressure, Eqg. (9)

Dimensionless time, Eq. (9)

Valve constant, mol P& s1

Functions describing valve opening

Linearized valve constant, mol Ps~!

NXiX X 4D v

Initial value
~  Function in the Laplace domain

Subscripts

d Dosing

s  Solid

u Uptake

oo Final value at equilibrium
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